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Abstract 

The 0{a) leptonic QED corrections to neutral current polarized deep inelastic lepton- 
nucleon scattering are calculated in leptonic variables both for the case of longitudinal 
and transverse nucleon polarization. The results of the complete calculation are compared 
with the corresponding leading log expressions. Numerical results are presented for the 
corrections in the kinematic range of the HERMES experiment and possible future polarized 
proton beam experiments at HERA. 
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1 Introduction 



Polarized deep-inelastic lepton-hadron scattering provides one of the cleanest methods to inves- 
tigate the spin-structure of the nucleons. This field attracted much interest after the finding 
of the EMC experiment in 1988 that the quarks appear to carry only a small fraction of 
the nucleon spin. During the last years precise measurements of both the polarized structure 
function gi{x, Q^) of the proton and neutron by the SMC, SLAC, and HERMES experiments 
were performed. Very recently also the structure function g2{x,Q'^) was measured for the first 
time 0. 

The unfolding of the structure functions from the deep-inelastic scattering cross section re- 
quires the detailed knowledge of the electromagnetic radiative corrections, which are very large 
in some parts of the kinematic domain. A first calculation of the leptonic QED corrections for 
the case of pure photon exchange was performed in ref. 0] for the range of small values of 
and a simple ansatz for the hadronic structure functions gi{x) and g2{x) 0. 

In the present paper the leptonic 0{a) QED corrections for the neutral current deep-inelastic 
scattering cross sections are calculated in a model independent approach for the case of longitu- 
dinal and transverse nucleon polarization. We account for both photon and Z boson exchange. 
The resulting corrections are therefore applicable irrespectively of the range. This is of par- 
ticular importance for polarized deep-inelastic scattering experiments operating in the range of 
larger values of Q^, e.g. possible future experiments in the kinematic regime being accessible at 
HERA, cf. 0, but also for the CERN fixed target experiments for the range of large Q^. 

The 0{a) hadronic QED corrections are understood to be absorbed into the parton densities, 
as also the QCD corrections leading to Q^-dependent structure functions. In this way 



the hadronic tensor can be formulated quite generally in a model independent way. Particularly 
the structure functions need not necessarily to be represented using a partonic description. 

Besides the complete 0{a) results, we also derive the corrections in the leading logarithmic 
approximation (LLA). Due to their simpler analytical structure they are particularly suited for 
fast numerical estimates. 

The paper is organized as follows. In section 2 the neutral current Born cross sections are 
derived. The leptonic 0{a) QED corrections are presented in section 3. In section 4 we derive the 
different contributions to the 0{a) QED corrections in the leading logarithmic approximation for 
the polarized case. Numerical results for the kinematic range of the HERMES experiment and 
possible future polarized ep collider experiments in the kinematic regime of HERA are presented 
in section 5. Section 6 contains the conclusions. An appendix summarizes kinematic relations 
used in the calculation. 

2 The Born Cross Section 

The Feynman diagram describing neutral current deep-inelastic lepton-nucleon scattering 

l{h)+p{p)^l{h)+X{p') (1) 

is shown in Figure 1. The particle 4-momenta are given in parentheses. 
The matrix element for the Born cross section reads 



A^Born = ie^p'\JM^uik2)\Qa'' + sa''{vi + aa5)x{Q^) u{ki] 



1 



(2) 



2 



Here e denotes the electromagnetic coupling, q = ki — k2, m and M are the lepton and nucleon 
masses, J'^ is the hadronic current, Qi — si\Qi\ the charge of the electron, with si — 21^^^ twice 
the third component of the weak isospin of the electron, vi and ai are the vector and axial-vector 
couplings of the Z boson to the electron 

vi^l-A\Qi\sm'^ew, ai^l, (3) 

and = —q^ denotes the four momentum transfer squared. 




Figure 1: Born diagram for neutral current deep-inelastic lepton-proton scattering. 

The calculation is performed in the on-mass-shell (OMS) scheme, in which the weak mixing 
angle 9w is related to the weak boson masses by sin^ 9w = 1 — M^/M^. Furthermore, 

is the 7-Z propagator ratio, with — 1.16637 • 10~^ GeV~^ the Fermi constant, and 
a — 1/137.06 the fine structure constant. 

The differential Born cross section is given by: 

daBorn = -(27r)^ ^ \MBo.nf J] dpi '5\k^ +p-k2- EpD, (5) 

spins i i 

where 

p' = J2Pi-P + ki-k2 and / = (6) 

i 

j denotes the fiux factor 



. ^ ^{k,.p)^-m'M' 1 ^ ^ 

^ k^po (27r)6 2A;?pO(27r)6' ^ ' 

with 

Xs^S^- Am^M^, S={p + kif -w?- M\ (8) 
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For later use we rewrite the differential Born cross section (|^) in terms of the leptonic and 
hadronic tensors, L^*^ and Wf^,^, integrating over the phase space up to two variables: 



da- 



2a2 1 



Born 



X and y are the Bjorken variables 



dk2 _ 2Txa' S'y 



dxdy. 



X 



2p.q ' 



y 



p.ki 



(9) 



(10) 



The calculation is performed for incoming longitudinally polarized leptons. We used the spin 
density matrix 



pih) = ^ u'ih)u'ih) = - ( 1 - 75^0 ih + m). 

s ^ 

The 4-vector of the lepton polarization is given by 

m\ S VAs 



with 



= -A 



I ; 



and 



^i-h = 0. 



(12) 



(13) 



A; denotes the degree of lepton polarization. The leptonic tensor for neutral current polarized 
lepton (antilepton) scattering reads 



2 {k'^k'^ + k-^k^) - g^-'Q^UsiQ^ Xi) - 2zk,^k2pe''^^''LAiQ\ Xi 



m 



Paq/sL^iQ"^, Xi) - Pa {kip + k2p) LaiQ"^, Xi 



+ 



{k'( + kl^) + p^ {k^ + A;^) - p^'q'' - p^q^' 



p.{h + k2) - p.q] Y^Q^ Xi) + Ag^^^m' [l^{Q', Xi) - L^iQ^, A 



i) ■ (14) 



The symmetric [S) and antisymmetric (A) parts are 

Ls{Q\ Xi) = + 2\Qi\ {vi - piXiai) x(Q') + {vf + - 2pi\iViai) x'(Q'), 

La{Q\ Xi) = -XiQ^ + 2\Qi\ {pm - XiVi) x(Q') + {2piviai - Xi (vf + a^) jx'(Q') • 
The formfactors contributing to the terms oc are 



(15) 



(16) 



LviQ"^ 1 Xi 

La{Q^, Xl 



Xl [iQil+vixiQ') 
Xiah'iQ'), 

XipiaixiQ^) \\Qi\ + vixiQ^) 



(17) 
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The particle label pi takes the values pi = 1 for particles and —1 for antiparticles. 
The hadronic tensor reads 

w,, = p%27rYY.Iip'\^M{pW)s\p'-Y.p'i)I[dpr. 



(1^ 



For its representation in terms of structure functions we follow the convention of ref. [Ill 



W, 



\ q J P-q 2p-q 

(l^^"" r ( n2\ , • q^ip.qs" - s.qp'') ^ 



+ 



p-q 

PiiSZ + S^^Pu 



{p.qf 



— s.q 



P-q 



p-q 



-G3{x,Q' 



(p-q) 



q ) P-q 



where 



_ _ _ jxg 

Pti — Pp- ^2 ^A" 



S.q 



(19) 



(20) 



s denotes the polarization 4-vector of the nucleon. In the nucleon rest frame it is given by 

s = M{0,nx). (21) 

r?A is an unit 3-vector. 

For a short-hand notation we have introduced the combined neutral current structure func- 
tions J-'i and Gi in eq. (0). In terms of the structure functions F/^"^^ and gf^^"^ , which are 
associated with the respective currents, they read: 



+ {vf + af- 2pi\mai) x\Q^)Fl^{x, Q^), 



(22) 



^3(X,Q' 



2\Qi\{piai-\iVi)x{Q^)Ff{x,Q 



+ 



2piviai - Xi {vf + af)] x\Q')Fi^ix, Q^) 



(23) 



+ 



-Qbihgllix, Q') + 2\Qi\ {pm - hvi) x(g')^?7,2 Q 

2piviai - Xi (vf + af)] x\Q^)9i^{x, Q'), 

2m{vi-p,Xm)xm9llMQ') 

+ (vf + af- 2piXiViai) x\Q^)9ll^{x, Q^). 



(24) 



(25) 
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The twist-2 contributions to the structure functions can be expressed in terms of parton densities. 
In lowest order QCD one obtains O, ITT| : 



(26) 



(27) 



(28) 



where 



g(^'^ix,Q') 



Jx y 

Jx y 
2xgi^''{x,Q'), 



95 



J\J2 I 



a 



J1J2 



and the electroweak couphngs are 



a 



'^y,yZ,ZZ 



[0, 2e<jag, 2fga, 



e« = + 



3' 
1 4 



Cd = - 



w« = - - - sin 6'vi/, t;^ 



1 

2' 



1 

3' 

1 2 

2 + 3 

1 

2' 



— -: + ^ sin^ 



(29) 

(30) 

(31) 
(32) 
(33) 



(34) 
(35) 



(36) 



For tlie numerical results, which are presented in section 5 below, the structure func- 
tions eq. (|29|-p3D are parametrized using a partonic description for the structure functions 
Fi(a;, Q^), F3(x, Q^), 5'i(x, Q^) and g^i^x^Q"^). The other structure functions are calculated us- 
ing the relations above. q{x,Q'^), q{x,Q'^), Ag(x, Q^), and Ag(x, Q^) denote the unpolarized 
and polarized quark and antiquark densities, respectively. 

It appears to be convenient to rewrite the Born cross section in terms of the following two 
contributions: 



j2^unpol ^2^pol 
" OBorn " Og^j.^ ^ U '^Born 



dxdy dxdy dxdy ' 



(37) 
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with 



and 



,2 unpol r, 2 3 



dxdy 



i=l 



^2 pol r, 2 5 



(3J 



(39) 



A^i^ denotes the degree of nucleon polarization. For unpolarized deep-inelastic scattering only 
the first term, (i^cr^'^P°\ contributes. Eq. (|39|) applies both to the case of longitudinal (L) and 
transversal (T) nucleon polarization, where 

1, (40) 

d(pl-y . 



dip 

COS(f — , 



2n\ Sy 



1-y- 



M^xy 
S 



cos (f 



27T y 



sin 02 . 



(41) 



62 is the angle between the incoming and outgoing leptons. (p denotes the angle between the 
nucleon spin vector s and the plane of the incoming and outgoing lepton in the nucleon rest 
frame (see figure 4 in appendix A). The polarization 3-vectors for longitudinal and transverse 
polarization are given by 



n 



n 



X%n±, with n±ki = 0. 



Finally, the kinematic coefficients in eqs. (|38| ) and ( p9D are: 

S^x^y) = 1xy\ 



S^x^y) 
S^{x,y) 



[l-y) -xy 



x[l-{l-y)% 



S^ix,y) 

sHx,y) 

S^{x,y) 
S^ix,y) 
S^{x,y) 



2xy 



(2-y) 
M2 



M2 ■ 



—cix y- 



S ' 

[l-y) -xy^ 



-2 1 + 



2xM^ 



S 



1 -y)-xy— 



-2xy \ y + ^—xy 



(42) 
(43) 



(44) 



(45) 



Sl{y.Q') 
Sl{y.Q') 

Sl{y,Q') 



S^{y,Q') = S'^{y,Q') 
Axy, 

2xy ' 

S^{y,Q'). 



(46) 
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3 The 0{a) Leptonic Correction 



The 0{a) leptonic radiative corrections to the scattering cross sections are given by 

72 QED.l 72 72 72 unpol ^2^pol 

" g^rad _ " O'Born _|_ " (TBrems _ " O^rad _|_ " '^rad 

dxidyi IT dxidyi dxidyi dxidyi dxidyi 



(47) 



The corrections are represented by the finite parts of the virtual and soft (VR) and 
Bremsstrahlung terms, respectively. Since we integrate over the phase space of the radiated 
photon, the differential cross sections (|47|) depend on the way in which the Bjorken variables x 
and y are determined kinematically. Because in all the polarized deep-inelastic scattering exper- 
iments performed so far the kinematic variables were measured using the scattered leptonQ the 
present calculation refers to this set of variables. The kinematic variables are defined by 



xi = -7^, yi = : , and Qi = [ki - ^2) • 

byi Pi-ki 



The hadronic structure functions depend on the hadronic variables 

Pi-{P2-Pi) 



Xh 



Ql 



Syh 



Vh 



Pi-h 



over which is integrated. 



3.1 Virtual and Soft Corrections 



and Q,^ = {p2 - Pi] 



(4J 



(49) 




p(p, M) 



Figure 2: Diagram of the leptonic virtual photon correction for deep-inelastic scattering. 



The virtual and soft correction, (5vR; can be written as 



'Ql 



1 - yi{l - xi) 
1 - yixi 



+ U2 



i-yi 



(1 - yixi){l - yi{l - xi)) 



+ -ln -Li2(l) 



(50) 



^ Other choices of kinematic variables were also investigated for the case of unpolarized deep-inelastic scatter- 

ing in, m, 



13 



8 



with 



and 



'QT 



In PI 



In 



(1 -yixi)[l -yi{l -xi)] 



JO z 



(51) 



(52) 



These expressions are the same in the unpolarized and polarized case. They were derived in 



refs. 12, 13 



3.2 Bremsstrahlung Corrections 

The differential Bremsstrahlung cross section for the scattering of polarized electrons off polarized 
protons, originating from the diagrams in figure 3, is 



da 



Brcm 



dxidyi 



2a^Syi JdyhdQl-^^ 



Qt 



1 difk 1 

V ^9 



(53) 




Figure 3: The leptonic Bremsstrahlung diagrams for for deep-inelastic scattering. 



Wfj^i^ denotes the hadronic tensor (|r^). The invariant Xg is defined in ( |A .14| ). The Bremsstrahlung 
correction to the leptonic tensor, L'^!^^ has the following form : 



+ 



Z-i Zn 



Qt + Qt 

Z\Z2 

'2m2 



2m2 



+ 



Z\Z2) 



- 2 

Q'i 



9^il 



Z2 



Z1Z2 Z2 , 



2m2 



Z\Z2 Z\ 



I ^20.% 



+2 
-2 



LviQh^ Xi) + La{Ql, Xi 



m 



m 



yihhah^ + (1 + l/«/i) hakf: 



Lv{Qh^^i) ~ La{Qh^Xi) — 2-A;iQ,fc 



+8LM^i)-2 

Z\ 



2 {Kkl + fcrA:2^) -4(1 + Vik) ' iQl ' VihQl) 9^' 



9 



Here we retained only those terms in O(m^), which yield non- vanishing contributions after 
int grating over ip^ in the limit m ^ 0. Similar to the leptonic tensor in the Born approximation, 
the tensor L'^^^ can be decomposed into a symmetric and an asymmetric term, and also a 
contribution oc m^. Besides the invariants defined in eqs. (^P?D, it depends on 



zi = 2k.ki, Z2 = 2k.k2- (54) 

The finite part of the Bremsstrahlung contributions are expressed in form of integrals over the 
radiator functions Sx{yi,Qf,yh,Q'i) and SY{yi,Q},yh,Q\). Since the structure of the differen- 
tial cross sections turns out to be partly different for unpolarized and polarized deep-inelastic 
scattering, we will describe the individual cases separately. 

3.2.1 Unpolarized Case 

The finite contribution to the Bremsstrahlung cross section reads 

-^,jZsnyuQ'i)C'\yuQlyH.Ql):F,{xuQ'i)\ , (55) 

i=i ) 

where 

The integral over (p^ in eq. (^) can be performed analytically, see appendix A. The remaining 
twofold integral takes the form [|12l 



/ dy.dQl = Y: dy, dQl (57) 



with 



yi{yiS-J\) + 2Q^MyS 



yiS - ^\ + M2 
yi{yiS + .^,) + 2QjM^/S 



yh 

yiS+^\ + M^ 

Vha = yi 

s I — 
s 

l2 



and 



Qi,^ = VhS, (5J 



yih = yi- Vh- (59) 
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The functions {yu Qf, Vh, Ql) are given by : 



S^{yi,Qf,yh,Ql) 



yi{-2m^Q 



Bo 



2/n2 ( -^1 



Qt + QU 1 



Ql 



1 \ 2 

+ 



sUyuQlvh^Ql) 



yi 



Syh [ 

+ (s'y,, - M'Ql 



s\Ayh+yh)-M'Q' 

' B2 



h I ^^3/2 



+ 



S'Ql{Y+-my,)-M'{Qf + Qt) 



Q 



Ih 



^2, 



-S'^yh 



1 ^ 



Co 



QfQlf 1 



2M2 



(2?//i + y/i) — ^ + (2 - yh) ^ 



+ (2-1/0 ^2 



'^^3/2 
1 



^2 



-Ql 



yii 



yh{Q^ + Q 



with 



yii 
yhr 



^2 



1 1 

+ 



^1 



Co 



Q 



Ih 



1 - yi, 
1 - yh, 
Q] - Ql 



(60) 



(61) 



(62) 



(63) 



The coefficients Bi^2 and Ci,2 are defined in eqs. ( |A .lyj - IA .22^ . These functions were given in 



refs. |12, 13| before and are presented here in a somewhat more compact form. 



3.2.2 Longitudinal Polarization 

The Bremsstrahlung part of the differential cross section takes the form 



dxidyi 



2a'X'^ f dy.dQll-^Y. S^{yi,Qly,,Ql)g,{xh,Ql) 
- T^E S^{yuQ^)C}\yuQlyH,Ql)Q^{x^,,Ql) 

i=i 



+ 2 



Bi 



E I S^^ivi^ Ql yn, QDQlixh, Ql) + S^^^y^ Ql yn, QDQti^h, Ql)j 

(64) 



Qi Ci"'' [ti 

+ j:s^,{m,Qf,y,,Ql)gnxH,Ql 



i=3 
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As in the unpolarized case, to each of the structure functions corresponds a kinematic function 
SiiVhQ'i-iyh-iQ'h}- Furthermore, infrared-finite terms oc w? contribute, which are denoted by 

These coefficients are given by : 



'vi,ai{yh Qh Vh, Ql), and S^iivi, Qf, yn, Ql), respectively. 



S^{yi,Qlyh,Ql) 



yi 

Syh 



S\2m, + yn)-2M^Qf\ Ql 



X 



+ 



X 



-2w? 



+ 



1 



B2 QU ^ 



S\2 - y,) - 2M^Ql Ql 

'2 



^ Ql 



1 



12 ^ 



C2, 
2/n4 



{yhQ^i+{2yi,+yn)Ql) + 2M^Qi 

S'(ynQ^ + (-2 + yM)+^M'Qt 
^M\Qf + Ql)\ 



^1 



/Co 



(65) 



S^{yi,QlyH,Ql) 



4^ 
Syl 

_Ql 

Ql 

+QI 



M'Ql)^{m,+y^)Qf 
f I 1 ^ 



o 2 -^1 



+ 



^1 



2m' 



Bo 



-Q'l 



^1 



+ 



yh 

s/Co 



]__Ql 
^ Ql 
yi ] 



^1 



(66) 



Si{yi,Qlyh,Ql) 



yi 



S'yl 

2m 



M2 



X 



X 



2 Bi 



S' ( yhQl - {yi, + yh){2yi, + yH)Qf ) + 2M'Q^Ql 
1 1 ' 



Ql 

c,'/' Ql {VC, 

2QI {S'y,, - M'Ql) 
B2 Ql f 1 



^1 



2m' 



C-il"^ Ql \^/C{ sfC^ 



+2 

+ 
+ 



{-yKQi + yum - M\Q\ + Q]Ql + g^) 



[ynyH.Q] + {2yl + y^ Ql\ + 2M''Q}Ql 



^1 



/Co 



S\-A + m)y,-AM' [QI + ^^ 



(67) 
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S^{yi,Qhyh,Ql) 



Vi 



(S'yn + 2M'Qf) [S'yi,{yi, + yn) - M'Q 



X 



2m 



2 Bi Ql I I 1 



^2 / 1 1 \ 



X 



+ 



2m 



{S'yn + 2M2g2^ [s'y^ + M2(g2 + g2y 

1 



2M'Qi S'yn, - M'Qi 



+ 



S'ym,-M\Qj + Ql) 



2M^Ql \s\,(yi,+y„)-M^Ql 



+2M2 



S\2 + yi,)yn + 2M'iQl + 



B2 

Xn 



S^{yi,Qf,yh,Ql 



-^\iS'y, + 2M'Qf) 

Syh I 



X 



2m2Q2 



5i QfQU 1 



B2 QlQl 



X 



2m2Q2 



A 



5^ 

3/2 



S^,{yi,QlyH,Ql) = 



S^,{yi,QlyH,Ql) 



S^,{yi,Qly,,Ql) 



Sy 




-S'^yih 


yi 




Sy 








4 



Q2-(i_^,,)Q2 1^ 



Syl 
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S^,{yi,Qlyn,Ql) 



yi_ 
'Syl 



(73) 



yi 



-(Ql-yikQl 



yii + 3 (1 - yih) 



S'y^\2 + {l-yi^) :^J+4M^Q^ 



(74) 



si,{yi:Qhyh:Ql) 



yi 



S'y, + ) ) _s^yl ^2yi, + y,) 



+ (Ql-yihQl 

yi 



S^yn{l-yih)-^ + 2M^ 



SUyu Ql yh, Ql) = -2-^ [S^yn + j _ ^,^g2 j 

The combined structure functions G^'"''^{x,Q'^) read 

Gl^{x, Q') = A, [QlgJ}{x, Q') + 2|Q>eX(g')^7,f(^, Q') + vlx\Q')gll{x, Q') 

3.2.3 Transverse Polcirization 

Here the differential Bremsstrahlung contribution is given by 



(75) 
(76) 



(77) 



7 Trans 
'^"Brciri 

dxidyi 



2q;^A^cos (fi 



dip 



2n\ Sy 



AM^xi / M^xiyi 
^-yi t; — 



1 



X / dyhdQl\-^Yl Sf{yl,Qlyh,Qh)G^{xh,Qh) 

I i=l 

4 E Sjim, Qf)C'%i, Ql yu, Ql)g^{xH, Ql) 
i=i 



+ 2 



.m^ 1 



j:[S^,{yi, Ql yn, QDGK^h, Ql) + S^.im, Ql y,, Ql)Gt{xn, Ql) 



.1=1 



+ J2s^,im,Qly,,Ql)Gnxk,Ql) 



i=3 



(78) 



The corresponding coefficients Sj'{yi,Qlyh,Ql), SJi„_i{yi,Qlyh,Ql), and S^i{yi,Qlyh,Ql), 



are : 



Sl{yi,Qlyh,Ql) = S 



yf i S'-ymu + 2M'Ql 
yh\ \ 



(79) 



X 



-^rn'Ql[-^2-^)-iQ^ + Ql)^ ' 



^2 + Qh 



1 1 \ 



Ih 
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X 



+ 



s/Ci VC2J 
S-'yi + 2M2g2 



+ {Q^ + Ql 



1 



1 



1 



+ 



Sl{yi,Qlyk,Ql) 



Vh 



X 



^-yih- Vh 

Bi , Qf ( 



S'yiyiH + 2M'Qi 



+ 



+QI 



^ S\yiH + 2M^Ql 



X 



-2m 



2 ^2 



+ 



A„ 



X 



+ 



Vh 

1 



Vh 



(2 - yi)Ql ( 1 1 



y[r^SVm + 2M^ 



X 

+ 
+ 



-m'[\S\,{2yi,+yn)-2M^Ql 
'S\2-yu)-2M^Ql 

yiVh 



B2 



S'Ql ( n 



S'yh 



1 



2 

A/a 



-M'{Qt + Ql) 
\ 2M2 



^1 



+m 



S\l-yih){2yi,+yn)-2M^Ql 



Bi 



+ 



S\2-yn)-2M^Ql 



B, 
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{^yh-yh,)yh\ M'(Qf + Qi) / i 



2 VVC'i V 



+ 



A, 

1 \ 



S\2-yn)-2M^Ql 

S'Ql (2y+ - yivf,) - 2M'(Qf + Qi) 
if 1 



X 



Qih \VC'l{B^+ ^V^) (^2 + y^v^) 

'1 



+ 



Ci + ^gVc;) vc; (^2 + y^yc 



Sliyi,QlyH,Ql) = ^ 



1/^ 



+ 
+ 



S'yiyi, + 2M^g/, 



1 ^ 



2M2 



S\ + 2M^Qf 



9-1 



X 

+ 
+ 
X 



-2m2 



S\,{1 - yin) - M^Ql 
1 \ 



^2^/2, 



1 / 1 



Qih V VCT (^1 + ^ycT) (^2 + 



Vh 



S\yif, + 2M'Q\ 



Ih 



-2w?Q^ 



Bi _^ B2 



^ZI2 ^^3/2 
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and 



Qf + Qtf 1 



1 \ 2 

+ 



S'yi + 2M^Qf 



Qt + Ql 
Ql 



Syi{yi,Qlyh,Qh) ^ 



Vh 



Ql - yinQl Si - + g| + y^^Ql B, 



sli{yi,Qhyh,Qh) 



Sa2iyhQlyh,Ql) = 



Sl-iiyuQhyh^Ql) = 



sHQl-yihQVj \B, + bX 



yh 



yfhBi - {yi - yhyih) Bi 



2S^jQl-m,Ql 



(1 - yih) Bi - yi^Bi 



yJU 

yin 



S'yf,[yi,+3{l-yih)] 



+ 



L (2 - yi) - (1 + yl) yih + 3yi,yl 



-[Ql-yikQlj ('^V|| + 4M 



i3i , 



sL{yi,Qlyk,Ql) = % 



ylv 



S'yl{2yi^+yh) 



Ql - yihQl S'y^ 



1 - yih 
Ql 



+ 2M2 



Bi-Bi], 



sL{yhQhyh,Ql) 



25^ \Ql - yinQVj \B, - BA . 



The quantity Bi, and similarly B2, which contain the denominator Aq, may be simphfied 
following way for the O(m^) terms, 



Bi 



B, 



ih 



2A 



kqh' 



A„ 



= S'yiniQin-yihQi). 
B2 = ^2 



A„ 



An 



S'yihQli^ + yn) - S'yf,Ql + 2M\Qlf. 
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The explicit substitution of these terms in the above relations does not lead to a further simpli- 
fication. 



4 The Leading Log Approximation 

In the leading logarithmic approximation the leptonic 0{a) corrections to the differential scat- 
tering cross section can be written as 



j2 LLA 
" '^rad 

dxdy 



dxdy dxdy dxdy 



(93) 



The individual contributions are due to the corresponding mass-singularities of initial-state (i) 
and final-state (/) radiation, and the Compton contribution, for which the mass singularity results 
from the low range of the virtual photon in the sub-system Born term, in those situations 
which may be described partonically. 

The initial and final-state radiation terms have the following structure: 



dxdy 271 \ 



1 



where the rescaled variables are 

S = zS, y 
for initial-state radiation and 

5 = 5, y- 



1 - z 



y + z-1 



dxdy 



x=x,y=y,S=S 



dxdy 



(94) 



y + z-l 



= zQ^ 



Q 



X 



(95) 



z yS 



(96) 



for final-state radiation. The Jacobian J' is given by 



J = J{x,y,Q' 



d{x,y) 



d{x,y) 



cf. refs. 1^, |T^-|T^, ^. The lower integration boundaries Zq derive from the conditions 

x{zo) < 1, yizo) < 1, 

and are given by 



1 — yx 



1-y + xy 



(97) 



(98) 



(99) 



The structure of eq. (|^) is the same in the unpolarized and polarized case in leading order QED, 
since, as is well-known the fermion-fermion splitting function 



1 + z^ 
1 - z 



(100) 
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does not depend on the polarization of the incoming fermion in this order. Therefore, the 
Bremsstrahlung contributions for the polarized case are simply obtained in LLA by inserting in 
the relations refs. [0, |T6|-|l^, ^ the differential Born cross section for the polarized case . 
Similar relations were also calculated in 0(a;^ ln^(Q^/m^)) in refs. |T3[. 

For leptonic variables the Compton contributions depend on the type of nucleon polarization. 
These contributions are given by 



" '^Comp 

dxidyi 



" "Comp 

dxidyi 



" ^Comp 

dxidyi 



1 CO^V"'''' 



dgi 
Ql 



cf. [17, 0, n, m. 



Sxf yi. 



(-2AA 



Sxf 



cos if 



dz 

(Q2)min 

c^v^ yi 



dQlZ^ 

Ql z 



■XhgV{xh,Ql), 



AM^xi 
2^y[A~S^ 



Vh 



APxm] 
s J 



dz 
z 



dQl 

. Ql ■ 



{Y. - yiz) zxngVixh, Ql) + 2 [r+ (1 - ^) + m,] x,gr{xh, Ql)j • 

(101) 



Here we used the abbreviations 

r+ = i + ii-y^y, 



i±(i-^) 



(102) 



x^ 

Xh 



(103) 



Part of the structure of eqs. ( |101| ) can be understood, as in the case of Bremsstrahlung, in terms 
of partonic splitting functions. In the unpolarized case 



z 



1 + (1 - zf 



(104) 



emerges p!9| , ^ . The longitudinal structure function is convoluted by the coefficient function 

cUz)=z, (105) 
In the case of longitudinal nucleon polarization one has |^ 

Z_ 1 - (1 - z? 



cf 



(106) 



z z 

and the Compton term can as well be understood in the coUinear parton model. Such an 



interpretation is, however, not possible in the case of transverse nucleon polarization, see ref. [|TT 
For the boundaries of the Q^-integral in eqs. (|101|) we used 



-{i-yi)Q' 

Xh 



(Ql 



2 \ mill 
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(107) 



where 



Ql = {mI-M'^ 



Q/i and My^ denote respective cut values. The choosen value of {Q'h)™^^ leads to a particularly 
good agreement of the LLA results and the complete 0{q) corrections. 

The LLA formulae are remarkably compact. The initial and final-state radiation contribu- 
tions rely only on the respective Born cross sections in rescaled kinematic variables. Also the 
Compton terms exhibit a similarly simple structure. A numerical comparison of the complete 
leptonic 0{a) corrections and the corresponding LLA results is given in section 5. 



5 Numerical Results 

The QED corrections, which are discussed subsequently, are presented in terms of the correction 
factors 



" '^Born 



for the different nucleon polarizations and for different kinematic ranges. The calculations were 
performed with the code HECTOR . For the parametrization of the polarized parton densities 
we use the 'standard' set (LO) of ref. [26]. The non-perturbative low Q^-behavior of the polar- 



ized parton densities is modeled following an approach which was used in ref. in the 
unpolarized case before. 

In Figure 5 the complete leptonic 0{q) QED correction to the polarized part of the differential 
deep-inelastic scattering cross section for longitudinally polarized protons is shown for the kine- 
matic range of the HERMES experiment at HERA at an electron beam energy of E^. = 27.5 GeV. 



Similarly to the case of unpolarized deep-inelastic scattering, see e.g. [0, |T^, the corrections 
rise towards small x and high y values. The correction was calculated for the case of pure pho- 
ton exchange. The structure functions were parametrized referring to the twist 2 contributions. 



using the parton densities of ref. p6|. The complete 0{a) corrections are compared with the 
corresponding LLA results. A very good agreement of both descriptions is obtained for larger 
values of x and lower and medium values of y. In the high y range the LLA contributions yield 
somewhat larger corrections, which are further enhanced by the Compton contribution. 

In Figure 6 the same corrections are considered applying a cut of > 1 GeV^. The Compton 
part of the LLA contributions is widely removed by this condition. For smaller x values the 
agreement between the complete corrections and the LLA contributions becomes somewhat 
worse. 

Figure 7 shows the different contributions to the leptonic corrections in LLA for the kinematic 
regime of the HERMES experiment for longitudinal proton polarization. While the initial state 
corrections behave rising for growing y and smaller values of x, the final state corrections are 
rather flat in y. The Compton contribution is only essential at small x and large y. 

In Figure 8 a comparison is given for the complete leptonic 0{a) corrections and the cor- 
responding LLA contributions for the polarized part of the differential scattering cross section 
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in the case of transverse proton polarization for the kinematic range of the HERMES experi- 
ment. The x-dependence of the corrections is imphed by the behavior of the structure functions 
Q^) and g2{x,Q'^). As in the case of longitudinally polarized protons, the complete and 
LLA corrections agree very well for small y and larger values of x. In the high y range both 
descriptions differ. Again the Compton term increases the difference slightly. 

The effect of a cut of Ql > 1 GeV^ on the corrections for the case of transverse proton 
polarization is illustrated in Figure 9. The Compton contribution is removed by this cut as 
in the case of longitudinal proton polarization (Figure 6). For smaller values of x the LLA 
terms deviate stronger from the complete corrections than in the case of longitudinal proton 
polarization. 

In Figure 10 the different contributions to the LLA corrections are depicted for the case of 
transverse nucleon polarization. Similarly to the case of longitudinal nucleon polarization, the 
initial state radiation terms do widely determine the structure of the LLA correction. The final 
state radiation terms are fiat in y and the Compton terms contribute at small x and large y only. 

The polarized contribution to the complete leptonic 0{a) correction to the differential deep- 
inelastic scattering cross section for longitudinally polarized protons in the kinematic range of 
the HERA collider at = 314 GeV are shown in Figure 11. Their shape is rather similar to 
the corrections for lower values of y/S, cf. Figure 5. Lower values of x, x ~ 10~^ can be probed. 
Here the corrections are rather large. The comparison with the LLA contributions is also shown. 
While the full LLA corrections agree rather well with the results of the complete calculation in 
the whole kinematic range, the contributions due to only initial and final state Bremsstrahlung 
differ in the high y and low x range from the complete 0{a) corrections. The good agreement 
of the complete LLA relations is due to the choice of the Compton- logarithms, eq. ( |101j , |107| ), 
which is particularly suited for larger values of a/S". 

In Figure 12 a comparison is shown of the polarized part of the complete leptonic 0{a) QED 
corrections for longitudinally polarized protons at y/S = 314 GeV parametrizing the respective 
contributions to the polarized part of the scattering cross section by either only the structure 
function gi{x,Q'^) or the complete set of structure functions gi{x,Q'^), g^i^XjQ"^), and g^^XjQ^), 
which are not suppressed kinematically by factors of 0{M'^/S), as the contributions due to the 
structure functions g2{x, Q"^) and gsix, Q^). Because of the different y behavior of the kinematic 
factors weighting the structure functions, the correction changes significantly if only the structure 
function gi{x, Q^) is considered in the scattering cross section. This applies also for the small x 
and low y range and is caused by the structure functions 5'4(x, Q^) and g^^x, Q^), which contribute 
to the j-Z interference and Z-exchange contributions. 

6 Conclusions 

The 0{a) leptonic QED corrections to the polarized differential neutral current deep-inelastic 
scattering cross sections were calculated both for the case of longitudinal and transverse nucleon 
polarization. This approach allows for a general description of structure functions, and is there- 
fore particularly suited for experimental analyses, which aim on the unfolding of the different 
polarized structure functions from the measured cross sections. In the explicit calculations we 
considered a hadronic tensor which obeys Lorentz and time-reversal invariance, as well as cur- 
rent conservation. Its polarized part is described by the five structure functions gi{x,Q'^)\^^y 
In the 0{a) corrections the general structure of the Born cross section is resembled. The correc- 
tions can be expressed in terms of general kinematic factors and appropriate combinations of the 
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neutral current structure functions, including both photon and Z-boson exchange. Additional 
combinations of structure functions contribute as well for terms oc m^. The latter terms yield 
finite contributions after integration in the limit m ^ 0. 

In the leading logarithmic approximation the 0{a) leptonic QED corrections are described by 
the initial and final state Bremsstrahlung contributions and the Compton terms for pure photon 
exchange. While the structure of the Bremsstrahlung contributions is the same for the case of 
unpolarized and polarized deep-inelastic scattering, different expressions are obtained for the 
Compton terms. This is due to the behavior of the leading order QED splitting and coefficient 
functions in situations, in which the collinear parton model applies. The respective expressions 
are rather compact and their structure is partly induced by mass singularities, which allows an 
easy deduction of the corresponding expressions. 

Numerically the 0{a) corrections are rather large in the case of eA^-scattering. Since the 
corrections behave ~ ln((5^/m^), smaller corrections are obtained for the case of polarized fiN 
scattering. A numerical comparison with the corrections obtained by the code was carried 
out in refs. [^]-[§n[ for the simplified assumptions in [Q. 

Both in the kinematic domain probed by the HERMES experiment and the kinematic range 
which would be accessible in possible future polarized deep inelastic scattering experiments in the 
HERA collider mode, the corrections grow towards small x and high y. Except the range of large 
values of y and small x already the LLA results provide a very good description of the corrections. 
The structure of the corrections as a function of x and y is widely determined by the initial-state 
Bremsstrahlung terms. If cuts, e.g. on Q\, are applied this agreement, however, becomes worse. 
While for longitudinal nucleon polarization the corrections are structurally similar to those in the 
unpolarized case, the corrections in the case of transverse nucleon polarization show a different 
x-behavior. 
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A Kinematic relations for the Bremsstrahlung process 
and an analytical integral 

We summarize a series of kinematic relations for the Bremsstrahlung process which are used in 
the present calculation. In the rest frame of the nucleon (p = 0) the proton polarization 4-vector 
s and the lepton 4-vectors are given by 

s — M(0, cos </?, sine/?, 0), 

— * 

h = (A;io,0, 0, 

h = (A;2o, |A;2|sin^2,0, |A;2|cos^2), (A -1) 

with 

qi = /ci - A;2 = (/cio - /c2o, -|^2| sin6'2, 0, - |A;2| cos6'2). (A .2) 




Figure 4: 3-vector relations for the Bremsstrahlung process in the rest frame of the nucleon. 

We will also use a rotated frame in which two momentum components of q vanish, 



QiR = = {qio,0,0,\qi\) 

kR = koR{l, sin 6k cos (pk , sin 9k sin (pk , cos 9k) ■ 



(A .3) 
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Here 



Syih 
2M' 



1-10 



and 



2M 



The triangle functions \x are 



S 

2M' 



2M 



^20 



2M' 



2M' 



(A .4) 



(A .5) 



The sine and the cosine of the rotation angle 7 are 

\ki\ — \k2\ cos 62 



cos 7 



sin7 



\Qi\ 

I /c2 1 sin 62 

\Qi\ 



(A .6) 

(A .7) 
(A .8) 



The transformation between the rest frame and the rotated frame for a general 4-vector K is 
given by 



The 4-vector q is thus represented by 

q = {kio - k2o, ■ 



Kqr, 

K^n cos 7 - K^n sin 7, 

KyR, 

K^n sin7 + K^r cos 7. 



\k2\ sin 6*2, 0, \ki\ — \k2\ 00862) 



(A .9) 



(A .10) 



in the nucleon rest frame. The 4-vector of the radiated photon is given by 

ko = koR, 

kx = koR (sin 9^ cos (pk cos 7 — cos 9k sin 7) , 

ky = koRsin9ksm(pk, 

kz = fcoj? (sin cos sin 7 + cos 6*^ cos 7) . 



(A .11) 



The different angles defined in Figure 4 can be expressed in terms of the invariants ( [A .6| , |A .14| ) 
as follows 



cos6'2 
sin 6*2 



As + - A, _ , , 2M2g2 



1 
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COS 7 



sm7 



cos 61 



sin 61. 



SjX 



2/n2 

Ih 



Xk + Xg- Xh S\yih + 2M^Q 



Syih\ X 



^-X{Xk,Xi,Xh) 2mYa 



kqh 



Here 
and 



2yXkJXq SyihJXq 



X{x, y,z) = {x - y - zf - Ayz 



(A .12) 
(A .13) 



A 



Xh 

Slq 



\kqh 



4:XsXl - (As + A; - Xg) 

16M2 

S\,Q^ - M^Qt - m^X 
4AfcAg — (Aq + Afc — XhY 

16M2 
S'yihdiH-M'iQif, 



with 



d. 



Ih 



yiQh - VhQf 



(A .14) 
(A .15) 



The latter terms in eqs. (|A .12| ) result from the ultrarelativitic approximations in the lepton 
momenta. Furthermore, one obtains 



cos 7 cos 02 — sin 7 sin 62 
cos 7 sin 62 + sin 6^ sin 62 



X, 



Xl — Xn 



2y Ag\/A^ 

^ — A(A5, Xl, Xq) 



2\/A„vA/ 



(A .16) 



The integral over the angle can be performed analytically. We express the phase space 
element as 



dr 



4v^ 
with i = 1 or 2, and 



yidxidyidyhdQi ^ = —7= 



yidxidyidyhdQl-)=^dipk 
X 27r 



(A .17) 



Ri 


— —XqZf + 2BiZi — Ci 






(A .18) 


Bi 


= S' {Qfyi^yiH + dih) - 2M^QfQl, 




(A .19) 


B2 


= S'{Qfyih + yiAh) + 2M'QfQl, 




(A .20) 


Ci 


= S' lim, + yh)Qf - Qlf + 4m' 


S'^yihdih - 


M\Qlf 


(A .21) 


C2 


= S' [{1 - yh)Q^ - yMf + Am' 


S'^yihdih 




2] . (A .22) 



25 



These quantities are related by the identities 

B2 — Bi 



C2 — Ci 

\Qlh- 



(A .23) 
(A .24) 



With the help of the above relations the invariants zi and Z2-, eq. (^4]), can be expressed as 

zi = fli — bcosipk, 



where 



ai 



02 



The different (/j^-integrals 



are: 



Z2 = a2-bcos(pk, 
S^/Xk (A5 — Ag — Xi){Xk + Xq — Xh) 



{Xs — Xg — Xi){Xk + Xq — Xh) 



2M2 
SVX~k 

2M2 SM^Xq 

\/—X{Xs, Xi, Xq)yJ—X{Xk, Xi, Xh) 



A 



1 f^- dipk 



2nJo Jx 



A{^k) 



X„C 



2Xq'/' 



B 



1(2) 



.^1(2) 
1 

.^1(2) J 
1 

,2:1 2:2 
Zl(2) 

1 



J if, 



^3/2 ' 
^1(2) 



^1(2) 

1 
Qlh 

X 



^2 



(A .25) 



(A .26) 



(A .27) 



cos cpk 








bXq 


. ^1(2) . 




\jC 1(^2) 


{Bi(2) + \jXq^Cl(2)) 


COS ipk 
- ^1(2) - 




bXq 
^3/2 
'-^1(2 






COS ipk 




bXq 




1 1 


. ^1^2 




Wh 


[VC;{B, + ^qVCl) VC~2{B2 + VXqVC~2) 
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Figure 5 : 0(a) leptonic QED correction, eq. (P7|), to the polarized part of the differential deep- 
inelastic scattering cross section for longitudinally polarized protons at ^/S = 7.4 GeV. Full lines : 
complete corrections; dashed lines : initial and final-state Bremsstrahlung contributions in LLA; dash- 
dotted lines : complete LLA contributions, eq. (|4|)- 
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Figure 6 : The same as in figure 5, but for a Q^-cut of > 1 GeV. Full lines : complete corrections; 
dash-dotted lines : complete LLA corrections. 
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Figure 7 : Comparison of the different contributions to the 0(a) leptonic QED corrections in LLA for 
longitudinally polarized protons at ^/S = 7.4 GeV. Full lines : initial state radiation; dashed lines : 
final state radiation; dotted lines : Compton contribution, eq. ( p.01| ), scaled by a factor 10. 
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Figure 8 : 0(a) leptonic QED correction, eq. (P7|), to the polarized part of the differential deep- 
inelastic scattering cross section for transversely polarized protons at \^ = 7.4 GeV. Full lines : 
complete corrections; dashed lines : initial and final-state Bremsstrahlung contributions in LLA; dash- 
dotted lines : complete LLA contributions, eq. ( |94D . 
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Figure 9 : The same as in figure 8 applying a Q^-cut of > 1 GeV. Full lines : complete corrections; 
dash-dotted lines : complete LLA corrections. 
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Figure 10 : Comparison of the different contributions to the 0(a) leptonic QED corrections in LLA 
for transversely polarized protons at ^/S = 7.4 GeV. Full lines : initial state radiation; dashed lines : 
final state radiation; dotted lines : Compton contribution, eq. ( p.01| ), scaled by a factor 5. 
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Figure 11 : 0{a) leptonic QED correction, eq. (0), to the polarized part of the differential deep- 
inelastic scattering cross section for longitudinally polarized protons at = 314 GeV. Full lines : 
complete corrections; dashed lines : LLA terms, eq. (|94l ). 
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Figure 12 : 0(a) leptonic QED correction, eq. (0), to the polarized part of the differential deep- 
inelastic scattering cross section for longitudinally polarized protons at = 314 GeV. Dashed 
lines : 5}°'^^ for only the structure function gi, full lines : complete correction. The contributions due 
to the structure functions g2 and are of 0{M'^/S) and are not included. 
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